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Abstract In this paper, we consider the operator L generated in L? (R ) by the
differential expression

21

g |y, xeRy = (0,00)
X

l(y)z—y”+[

and the boundary condition
limx "2y (x) = 1,
x—0

where ¢ is a complex valued function and v is a complex number with Rev > 0. We
have proved a spectral expansion of L in terms of the principal functions under the
condition

Sup {e€ﬁ|q(x)|} <00, €>0

xeR4

taking into account the spectral singularities. We have also investigated the conver-
gence of the spectral expansion.
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1 Introduction

The spectral analysis of a non-selfadjoint differential operators with continuous and
discrete spectrum was investigated by Naimark [1] He showed the existence of spectral
singularities in the continuous spectrum of the non-selfadjoint differential operator Ly,
generated in Ly (R4), by the differential expression

lo(y) =—y"+q(x)y, x e Ry =[0,00) (1.1)

with the boundary condition y/ (0) —hy(0) = 0, where g is a complex valued function
and h € C. If the following condition

/e” lg(x)|dx < 00, € >0

satisfies, then Lo has a finite number of eigenvalues and spectral singularities with
finite multiplicities.

Another approach for the discussion of the spectral analysis of Ly was given by
Marchenco [2]. Let E denote the set of all even entire functions of exponential type
which are integrable over the real axis, and let E " denote the dual of E. We define

o(fi2) = /fi(x)<p(x,k)dx, =12
0

for any finite f1, fo € La(R4), where ¢(x, A) is the solution of [y (y) = A2y, subject
to the initial conditions ¢(0, 1) = 1, ¢, (0, A) = h. In [2] Marchenko showed that

o(f1,A),0(f2,2) € E,

and there exists a functional T € E' such that
o0
/fl(x)fz(X)dx =T [o(f1. 1), 9(f2, M)] (1.2)
0

T is the generalized spectral function of Lg. (1.2) is a generalization of the well-
known Parseval equality for the singular selfadjoint differential operators, and it is
called Marchenko-Parseval equality.

Lyance [3] has studied the effect of spectral singularities in the spectral expansion
in terms of the principal functions for the operator Ly.

The Laurent expansion of the resolvents of the abstract non-selfadjoint operators
in neighborhood of spectral singularities was investigated by Gasymov and Maksu-
dov [4] and Maksudov and Allkhverdiev [5]. They also studied the effect of spectral
singularities in the spectral analysis of these operators.
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The spectral analysis of some classes of dissipative operators with spectral singu-
larities was considered by Pavlov [6] using the theory of functional models [7] and
scattering theory [8].

Some problems of spectral theory of differential and some others types of operators
with spectral singularities were also studied in [9—12].

Discrete spectrum, principal functions and eigenfunction expansion of the quadratic
pencil of Schrédinger operators were investigated in [13—15]. Spectral expansion of a
non-selfadjoint differential operator on the whole axis was studied in [16].

Let us consider the operator L generated in L, (R4) by the differential expression

1
o vz_é_l
==y +|—7 ta) |y xeRy

and the boundary condition
1imx7”7%y x) =1,
x—0

where q is a complex valued function and v is a complex number with Rev > 0.1In [17]
it has been proved that the operator L has of a finite number and spectral singularities,
and each of them is of finite multiplicity under the condition

Sup {e€ﬁ|q(x)|} <00, €>0 (1.3)

xeR4

Moreover, the properties of the principal functions corresponding to the eigenvalues
and the spectral singularities of L have been obtained.

In this paper, which is a continuation of [17], we investigated the spectral functions,
using a contour integral method and the regularization of divergent integrals, using
summability factors.

2 Jost solution and jost function

Let us consider the equation

Ve —

2_ 1
_y//+ |: xZ 4 +q (x):| y= kzy, X € R+. (21)

We have previously considered in [17] that g is almost everywhere continuous in R
and satisfies the following [18, Chap.3]:

/

/|q(x)|dx < oo,/x|q(x)|dx < o0, (a,a/ > 0). 2.2)
a 0
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Let ¢ (x, k, v) and f (x, k, v) denote the solutions of (2.1) satisfying the conditions

limx~""Zy (x) = 1 (2.3)
x—0

and
Jim ey =1 (2.4)

respectively. The solution f (x, k, v) is called Jost solution of (2.1). Note that, under
the condition (2.2) the solution ¢ (x, k, v) is an entire function of k and Jost sokltion
is an analytic function of k in C; := {k : k € C, Imk > 0} and continuous in C; =
{k : k € C,Im A > 0} [18, Chap. 4]. Moreover Jost solution also satisfies
fx,k,v)y=e*[14+01)], ke Cy,Rev >0, x — c0. (2.5)

Let us consider the function

fo (x,k, v) = ,/%nkxe’%"”(”%)lif (kx), (2.6)

where HU2 (kx) is the Hankel function of second kind. It is obvious that the function
fo (x, k, v) is the solution of the equation

Under the condition (2.2) Jost solution has the representation

0]

fx,k,v) = fo(x,k, v)+/K(”) (x,1) fo(t, k,v)dt, 2.7)

X

where, the kernel K ") (x, t) may be expressed in terms of g [19, Chap. 5] and satisfies
‘K@) (x, z)‘ < cem5GHD 2.8)
where ¢ > 0.
We will denote the Wronskian of the solutions f (x, k, v) and ¢ (x, k, v) by f, (k)
ie.,

fo k) =WI[f (x,k,v),0x, k,v)], ke Cy,Rev > 0. (2.9)

The function f, is called Jost function of L. Under tlie condition (2.2) Jost function
is analytic with respect to k in C and continuous in C and
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fotk)=1+0(), keCy, Rev >0, |k| > oo, (2.10)

holds [18, Chap.5].

3 THE spectrum of L

By o4 (L) and o, (L) we denote the eigenvalues and spectral singularities of L,
respectively. We have previously shown [17] that

od(L)={,\;,\=k2,ke<c+, fu(k)zo}
aSS(L)z{Azkzkz,keR*, fv(k)=0}
where R* = R\ {0}.

We have also previously obtained that [17]: Let G (x, ¢, k, v) be the Green function
of L, ie.,

[ —w(t’k’;)'(’;(;c’k’”) 0<t<x

G, t,k,v) =1 i Flk) (3.1
fv—('k), x <t <oQ.

Under the condition (1.3), we know that has a finite number of eigenvalues and spectral
singularities, and each of them is finite multiplicity [17]. Let A = K2, .. hy = kg
and gy = kg I kﬁ denote the eigenvalues and the spectral singularities
of L with multiplicities m1, ..., my and mgy41, ..., m, respectively.

We will also need the Hilbert spaces

o0

H, = f:/(1+x)2m|f(x)|2dx<oo ,m=0,1,...,
0

H_, =

o

g:/(1+x)72m|g(x)|2dx<oo ,m=0,1,...,
0

with

112 =/<1+x>2'"|f(x>|2dx, gl = /(1+x>*2’" g (1) dx,
0 0

respectively. It is obvious that Hy = L? (R) and

Hyt1 G Hy GL*Ry) S Hoy G Hoguyry, m=1,2, ...,
and H_,, is isomorphic to the dual of H,, : H,, ~ H_,.

@ Springer



J Math Chem (2013) 51:2196-2213 2201

We have previously shown that [17]:

O (kpv) e L?®Ry), j=0,1,....mp—1, p=1,...,0, (3.2)
CDJ-(.,kp,v)eH_(j_,_]), Jj=01,....m,—1, p=a+1,....,n (33)

where

J
1 [ 0P
@ (. kp,v) = ;)Aj_ﬂ(k,,)a iwf(x,k, v)]
j=01....m,—1, p=1,...,a,a+1,...,n (3.4)

k=k,,

The functions ®; (.,k,,,v), Jj=01,...,m,—1, p=1,...,0and ®; (.,kp,v),
j=0,1,...,m,—1, p=a+1,...,n are the principal functions corresponding
to the eigenvalues and the spectral singularities of L, respectively.

4 THE spectral expansion

Let C§° (R4) denote the set of infinetely differentiable functions in R ¢ with compact
support. Then

Y (x) = RIL)R™ (L)Y (x) = R(L)(L — K> 1) (x)

o 2

_1
Y(x) = /G(x,t,k, v) [—w”<t>+ ’ e AORL1OIZ0 —k%ﬁ(r)} dt
0

for each ¢ € C§° (R). Thus we obtain

wgo - %/G(x,t,k, VO (H)dt
0
17 v — 4
+E/G(x,t,k, u)( > 4)w(t)dt—kD(x,k, v) 4.1)
0
where
0(t) = -y () +qOV (), D(x,k, U):/G(x,t,k, VY ()dt
0

Let y, denote the disc with center at the origin having radius r; let 3y, be the boundary
of y,. r will be chosen so that all eigenvalues and spectral singularities of L are in y;-.
P,y denotes the part of ;- lying in the strip [ImA| < n and y,; = y,“; Uy, where

@ Springer



2202 J Math Chem (2013) 51:2196-2213

Fig. 1 Eigenvalues and spectral ImA
singularities are on the A
semicircles only

+

e
v

B,
[ 2 ReAd

| -
Vg

y,*,; and y,;, are the parts of y,-\ P, in the upper and the lower half-planes, respectively
(see Fig. 1). We mention that y,, has not any eigenvalues and spectral singularities.
We chose 7 so small that P,,; does not contain any eigenvalues of L.
So we easily see that

Yr = 0yry U Py 4.2)
From (4.1) we get
1 17
o = —./ —/G(x,t,k, V6t b dk
2mi k
AV 0
1 1 OOG i V2 —i gl
~_ " 9 t’ 9 t t
T k/ otk = Y@
Ay 0
1
——,/kD(x,k, v)dk “4.3)
2mi

ayr

Using (2.10), (3.1) and Jordan’s lemma, we see that the first term of the right hand side
of (4.3) vanishes as r — 00. The same result holds for the second term. This can be
obtained from (2.10) utilizing integration by parts. Then considering (4.2) we obtain

1 1
Y(x)=— lim — kD(x,k,v)dk — lim — / kD(x, k,v)dk
= 00 nla r — 00 ZﬂlaP
n— 0 Yy N — 0 rn
“4.4)

We easily obtain that the first integral in (4.4) gives
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ki k2 k3

T

Fig. 2 Isolated real zeros

lim 21 /kD(x k, v)dk = ZRes [kD(x, k, v)]

r— 00 27i

n—0 O
where
o0
D(x,k,v) = / G(x,t,k,v)y(t)dr.
0

Let I be the contour which is isolates the real zeros of f by semicircles with centers
atk;, i = 1,2, ..., o having the same radius §¢ in the upper-half plane. The radius
of semicircles being chosen so small that their diameters are mutually disjoint and do
not contain the point A = 0 (see Fig. 2).

As it is easily seen from Fig. 1, we find

1
lim / kD(x, k,v)dk = —/kD(x k, v)dk
r— 00 maP
n—0 "

Therefore (4.4) can be written as

Y(x) = ZRes[kD(x k,v)] — —/kD(x k,v)dk 4.5)

Theorem 4.1 For every ¥ € Cg° (Ry)

o

9 m;—1
¥ (x) = Z{(@) [a; (k)P (x, k. v) D (V. k, v)]]

i=1 k=k;
1 [ kf(O,k,v)
%/WCD ()C,k, V)q)(w, k, l))dk (46)
o 9 m;—1
0=>" l (ﬁ) [b; ()P (x, k, v) D (Y, k, v)]]
i=1 k=k;
1 fQ0,k,v)
% WCD (X,k, U)@(w, k, V)dk (47)
r
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where
k= k)M O k) .
a; (k) = =Dl i=1,...,j 4.8)
biky = —EZRTSOKY) (4.9)
(m; — D! fu(k)
and

D (Y, k, v):/lp(t)d>(x,k, v)dt
0

Proof Let B(x,k,v) be the solution of (2.1) subject to the initial conditions
limy o x V"2 y(x) = 1, limy_ e e **y(x) = 1 Then

£, k,v)
Gx,t,k,v) = ——"®(x,k,V)D(t,k,v) +alx,t,k;v) (4.10)
Sfu(k)
where
_ | B(x, k,v)®(t,k,v), 0<t<x
@t kv) = [B(t,k, V)® (x, k, v),x <1 < 00

and a (x, t, k, v) is an entire function of k. From (4.5) and (4.10) we obtain (4.6).
Writing (4.1) as

oo oo

¥(x) 1 1
72](_2 G()C,t,k, U)e(t)dt+k—2 G(x,t,k,v)
0 0
21
iy
x( 2 )1//(t)dt — D(x,k,v)
and repeating the calculation as we done for (4.1), we have (4.7). O

Since the contour I" in (4.6) and (4.7) do not coincide with the continuous spectrum
of L, these formulae contains non-spectral objects. The purpose of this article is to
transform (4.6) and (4.7) ainto two-fold spectral expansion with respect to the principal
functions of L.

Theorem 4.2 For any » € C§° (Ry) there exists a constant ¢ > 0 so that

/ k® (¥, k, v)|* dk §c/|1ﬁ(x)|2dx 4.11)
—00 0
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Proof From (3.4) we get

j (Wokp.v) ZA, plkp) [akﬂfw k, v)] 4.12)

k=kp

where
f(l/f’kr U)Z/W(X)f(x,k, v)dx.
0

Using (2.7), we obtain

f Wk, v) = / fo (x, k,v) + / KV (x,1) fo (t,k,v)dt ; ¥(x)dx
0 X

=/1//(x)fo (x,k, v)dx—l—//w(x)K”(x,t)fo (x,k,v)dtdx.
0

0 x

Changing the order of integration, we get

£ kv :/{(1 + KUY} fo e, k,v)dr (4.13)
0

in which the operator / is the unit operator, and KV is the operator defined by

t

KUy (1) =/K“(x,t)1p(x)dx.

0

From (2.8) we understand KV is a compact operator in L? Ry). Thus (/ + KV) is a
continuous and one-to-one on L (R ). Using the Parseval’s equality for the Fourier
transforms and (4.13) we get

/If(zlf,k, )2 dk 561/I1!f(x)lzdx (4.14)
— 00 0

where ¢; > 0 is a constant.
The proof of the lemma is completed by (2.10) and (4.14). O
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By the preceding lemma for every function € L? (R,.) the limit
N
O (Y, k,v) = lim /1//(x)<l> (x,k,v)dx
N—o00
0

exists in the sense of convergence in the mean square, relative to the measure k>dk on
the real axis; that is,

2

o0 N
Jim / <I>(1/f,k,v)—/1p(x)d>(x,k,v)dx kK2dk = 0 (4.15)
—00 0

Since Cg° (Ry) is dense in L? (R,), the estimate (4.11) may be extended onto L (R.)
forany ¥ € L? (Ry) as

/ lk® (Y, k, v)|2dk§c/|1p(x)|2dx (4.16)
—00 0

where @ (Y, k, v) must be understood in the sense of (4.15). We shall need a general-
ization of this estimate.

Theorem 4.3 If € H,,, then ® (Y, k, v) has a derivative of order (m-1) which is
absolutely continuous of every finite subinterval of the real axis and satisfies

o0 d n
/‘(ﬂ) [k® (Y, k, v)]dk

where ¢, > 0 are constants,n =1, ..., m.

2 o0
Scn/(1+x)2”|1/f(x)|2dx (4.17)
0

The proof is similar to that of Theorem 4.2.

In order to transform (4.6) and (4.7) into the spectral expansion of L, we have to
reform the integrals over I" onto the real axis.

Since the spectral singularities of L are the zeros of f, the integrals over the real
axis are divergent in the norm of L? (R, ). Now we will investigate the convergence of
these integrals in a norm which is weaker than the norm of L? (R..). For this purpose
we will use the technique of regularization of divergent integrals. So we define the
following summability factor:

) k| <8 p=a+1,....n
Fat)=1"F pL=op (4.18)
0, k—kp| =8, p=a+1,....n
with § > &9. We can choose § > 0 so small that the §—neighborhoods of k,, p =
a + 1, ..., n have no common points and do not contain the point £ = (. Define the
functional
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Fig) =gk — > Z [(—) g(k)] F (k) (4.19)
k=k,

p=a+1 =0

where g is chosen so that the right hand side of the above formulae is meaningful. It is
evident from (4.18) that k41, . . . , k, are the roots of F {g(k)} = O at least of orders
Myyls...,My .

In the following we will use the operators

Py (x) = —/kfi?(i)v)cb(x,k, ) ® (¥, k, v) dk (4.20)
and
T VPR
e =— 2 > I(ﬁ) [® (x, k, v) D (¥, k, v)]}
p=a+1 B=0 k=k
kf (0, k, v)
x / A Fpp(k)dk

[ kfO.k )
2mi So(k)

F{D(x,k,v)® (Y, k,v)}dk

Since under the condition (1.3 ) f(0, k, v) has an analytic continuation to the half-
planes Imk > —$ , we get

Py =1y
for yy € Cg° (Ry).

Theorem 4.4 For each W € Huy+1), there exist a constant ¢ > 0 such that

YN —no+1) =t 1Y lgmg+1 (4.21)
where my = max {mgy1, ..., .my}.
Proof Define
A,=(kp—=38,kp+38, p=a+1,....n (4.22)
ThenO ¢ Ay, p=a+1,...,n. Using the integral form of remainder in the Taylor

formula, we get
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F{® (x,k,v) D (Y, k,v)}
D, k, )P (Y, k,v), kel

_ k m,
T J G- () e ko ek ol de ke a,
(4.23)

where Ag = R\ {U;=a+1Ap}-
If we use the notation

1 kf (0, k, v)
1 =— | ————F{®(x,k,v)P (Y, k,v)}dk p= 1,...,
i =5 [ P E O @k O Wk VI p=act L
P
~ 1 n_ mp—l 3 B
Iy =>— > > ) [®G. kv)® @k v)]
2mi ok
p=a+1 =0 k=k),
kfQ,k,
x/quﬁ(k)dk
Su (k)
we obtain
I=1lq+ -+, +1 4.24)
from (4.22) and (4.23). We now show that each of the operators Iy41, ..., I, and

I is continuous from H 1) into H_(;,+1). We start from with 7. From (4.18) we
obtain the absolute convergence of
kf (0, k,
/ kfO.k v) Fg(k)dk.
Ju(k)

Using (3.3) and the isomorphism H_,,; ~ Hr:m we see that / is continuous from H,,,

into H_,,, or from H;;,41) into H_;,41). Hence there exists a constant ¢ > 0such
that

1Y) < W gty 425)

—(mo+1)

for any ¥ € H(py+1).
Next we want to show the continuity of I,,, p = o + 1, ..., n from H,, 1) into
H_(;y+1). From (4.24) we see that
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B 1 kF (0. k. v) -
V) = i, - 5 rd /(k ?
A

x i(%) "o (x, k,v) D (U, k, v)]] d&dk (4.26)

Interchanging the order of integration, we get

k+8k +6
Iy (x) = m / / [(85) [CD(XEU)@(WfU)]
P
_ kf(O,k,v)
k—g&)mr 12222 7 gkd
x(k —&) 7o) &
kp m
—/ /[(%) ”[q>(x,g,v)q>(¢,g,u)]]
_1kf(0,k,v)
k—g&)m 122 2 gkdE.
x(k — &) 7o) &

Since k is a zero of fy, (k) order m, there exists a continuous function f}, such that
fplkp) #0and f(k) = (k — kp)"» f, (k). On the other hand,

kp+8
/ (k —&)™» MOk Y) <hP@E)[Ins —In¢E —kp)] 427
Ju (k) P
if ¢ > kp, and

/ (k—&)"r ‘lkfg?(i)v)dk <hP ) [Ink, — &) —Ins] (428

if § < k,, where

kf (0, k,v)
Ju (k)

kf (0, k,v)

(D —
D) = ke[ky s €] ‘ foll)

. WPE =

ke[€,kp+8]
(4.27) and (4.28) show that I,,, p = a + 1, ..., n are integral operators with kernels

having logarithmic singularities, i.e., weak singularities.
(4.26) can be written as

1) = / bep(x é)[(E) @(w,s,w]dé.

Ap®
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Define

2

dédx.

//‘ bsp(x &)
(1 + x)motl

We see that By, < oo, by (3.3), (4.27) and (4.28). Since

2

Ip(x)
HIPI/IH —(mo+1) — /‘(l—f—x)mO'H

sp (X, &) d\*
<Z// D azar [ (1) ewnevas
AP

sOO

mp

d\’ 2
S () s
k=0 A,

Utilizing (4.16) and (4.17) we obtain

dg§

MoV | g1y = €p 1 llmg < €p 1¥lngrny» P=a+1,on (429)

where c,, are constants.
Lastly we consider the operator Iy which is defined by

g0 k)
W—%/xo( fv(k) Pk v) @ (Y, k,v)dk (4.30)

where g is the characteristic function of the interval Ag. From (4.30), similar to the
proof of Theorem 4.2, we get

/ilpw<x>|2dx SCo/llﬁ(X)lzdx,
0 0

where co > 0 is a constant. Since

Hongr) G L* (Ry) G H 1),

we find
oVl —gno+1y = o ¥l gmo+1) (4.31)
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From (4.24), (4.25), (4.29) and (4.31) we have
Y1 oty < € 1 lmos1)

Then for every ¥ € Hypg+1),

my—1
1 < < 3\’
e =— 2 > I(ﬁ) [d>(x,k,v>d><w,k,v)]}

/ kf(0,k, v)
X —_—
Jo (k)

k=ky

Fp(k)dk

! / M}:{@(x,k, v) ® (¥, k, v)} dk (4.32)

2mi fo(k)

Let a, (k) denote any function which is defined and differentiable in a neighbourhood
of k,, and which satisfies the condition

d\"r 1P 1 (m,—1\ [ kf(0,k, v)
[(d—k) “ﬂ“”] o1 )/ G

k=k
p=a+1,...,n (4.33)

Then (4.32) can be written as

n 9 mp—1
=y {(ﬁ) [ap(k)QD(x,k,v)Q(w,k,v)]]

p:oz+1 k:kp

1T kFO, k v)
o | G F O @k 0 @ Wk ) dk (4.34)

we shall also use the following integral operator [see (4.7)]:
1 fQ0,k,v)

oY (x) = i WCD (x,k,v) @ (Y, k,v)dk
r

T =5— 3 Z [(ﬁ) [@(x,k,wcb(w,k,v)]]

p =a+1 =0

0,k
/ A (k) pﬂ(k)dk

£, k,v)
2m/ % L0 DR (x, k, 0) D (W, k, v)) dk (4.35)

k=k,

@ Springer



2212 J Math Chem (2013) 51:2196-2213

It is evident that

oy =J4,

for » € CP(R4).
Similar to Theorem 4.4, we find.

Theorem 4.5 For every each W € Hy,+1), there exist a constant ¢ > 0 such that

1Y —gno+1y = 1Yl gno+1) -

It is evident that, for every ¥ € Hny+1)

n 9 mp—1
Ty = > [(a_k) [bp(k)cb(x,k,v)cb(w,k,v)]}

p=a+1 k=kp
1 7 f(@O,k,v)
+% WF{Q) (x,k,v)® (Y, k,v)}dk (4.36)
where
d\"r1p 1 (m,—1\ [ kf(0,k, v)
[(ﬁ) b”(k)] - 2_m( g )/ fuly T
k=kp r

p=a+1,...,n (4.37)

Theorem 4.6 Under the condition (1.3) the following two-fold spectral expansion in
terms of the principal functions of L holds,

o ) m;—1
Y(x) = Z i (a—k) [a; (k) (x, k, v) ® (¥, k, v)]]
k=k;

n 9 mp—1
+> {(ﬁ) [ap ()P (x, k, v) D (¥, k, v)]}

[ KOk )
2mi / Sfo(k)

k=k,

FA{® (x, k, v) ® (V. k, v)} dk (4.38)

a mi—1
— ZI(%) [bi (k)® (x, k, v) @ (Y, k, v)]]

i=1 k=k;

n 9 mp—1
+ Z [(ﬁ) [bp(k)(IJ(X,k, v) (Y, k, v)]]

p=a+1 k=kp,

£, k,v)
27tl/ fo (k) ———F{® (x,k,v) D (Y, k,v)}dk (4.39)
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for every function v € Huq41). The integrals in (4.38) and (4.39) converge in the
norm of H_ (1) where a;, b;, F, a, and b, defined by (4.8), (4.9), (4.19), (4.33),
and (4.37) respectively.

Proof We obtain (4.38) and (4.39) for € C°(Ry) C Hny+1), by use of (4.6),
(4.7), (4.20) and (4.34)—(4.36). The convergence of the integrals appearing in (4.38)
and (4.39) in the norm of H_,,,+1), has been given in Theorem 4.4 and Theorem 4.5.
Since CG°(Ry) is dense in H;, 41, the proof is completed. O
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